8. INDUCING
CHARACTERS

8§ 8.1. Recycling Characters
In this section we learn some techniques for

constructing new characters :

out of existing ones.

Theorem 1: The sum of two
characters is a character.

Proof: If p and o are
representations for G then

(p+o)(9) = (nggg;)] s a

p(@ O
0 o(9)

representation of G and the trace of ( j is the sum

of the traces of p(g) and (g). ©%

Theorem 2:
The conjugate of a character is a character.
The conjugate of an irreducible character is irreducible.
Proof: If p is a representation over C then
p*(g) = p(g™)" is a representation because
p*(gh) = p(@™)'p(h ™)' = [p(h™)p(@ )]
=p(h™g™)" =p((gh) ™)' = p*(gh).
There are three stages in the definition of p*: p itself,
inverting and transposing. All three take products to
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products but two of them, inverting and transposing,
change the order of the factors. Of course swapping the
factors twice ensures that everything comes out in the
right order.

The second part follows from the fact that a
character y is irreducible if and only if (y|x) = 1. ©%

Theorem 3:
The product of two characters is a character.
The product of an irreducible character by a linear
character is irreducible.
Proof: The first part is true in all cases but we’ll prove it
only in the case where one of the characters is linear.
Suppose p, c are representations where o is linear. Being
linear, the character of ¢ is o itself. Let y be the character
of p.

Now (op)(g) = o(g)p(Q) is a representation because
o(gh)p(gh) = o(@)a(h)p(g)p(h)

= o(9)p(g)a(h)p(h).

The commuting of o(h) with p(g) is because o(h) is a
scalar. Again, since o is linear, the trace of o(g)p(g) is
c(9)x(9)-

For the second part note that for every g € G, o(g)

Is a root of unity and so |o(g)| = 1.
1 1
Thus (oxlon) = 1o 2 lo(@) (@) =5

G e 2o =1.
geG
©W%

geG
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Example 1: In Example 13, y2 + 3 Is the character
[2,2,-1,-1].
Being the sum of two characters it isn’t irreducible which
is why it doesn’t appear in the character table. The
product of y2 and y3 is y1, and ys is the conjugate of y..
Multiplying ¥4 by the three irreducible linear
characters y1, 2, x3 would appear to give three irreducible
characters of degree 3. In fact it does, but because of the
location of the 0’s they’re all equal — not very useful. But
if we hadn’t yet found y4 we could infer, that since there’s
only one irreducible character of degree 3 the entries in y4
for columns where y1, %2, x3 differ, must be zero. (Of
course we could have completed the last row by
orthogonality.)

§ 8.2. Cyclic Groups

If 6 = 2™ and G is the cyclic group (A | A", the
map A* — 0% is an isomorphism and hence a faithful
representation. Being a linear representation it is its own
character. So we get a character y such that y(A¥) = 6.
Powers of y give all the other irreducible characters.

In the previous chapter we calculated the character
tables of C, and Cz. The character table of Cn = (A | A")
is n x n. If Ty is the conjugacy class {A"} then yi(Tj) = 6!
where 0 = e2®/" Here is the character table for Ca.
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Example 4: Cs = (A|A%)

class 1 A A? A3
size 1 1 1 1
wl| 1 1 1 1
X2 1 | -1 —1
Y3 1 -1 1 -1
A4 1 —i -1 |
order 1 4 2 4

§ 8.3. Inducing Up from Quotient Groups

One of the most useful techniques for completing
character tables is to find a character of a quotient group
and to lift it up to the whole group.

Theorem 4: Every irreducible character of G/H induces
an irreducible character of G.

Proof: Suppose p is a representation for G/H. This
induces a representation W for G by defining

P(g) = p(gH).

This is a representation because
Y(ab) = p(abH)
= p(aH.bH)
= p(aH).p(bH)
=¥(a)¥(b).
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If G has many normal subgroups a large part of the
character table for G can be induced from those of smaller
guotient groups.

Example 5: The group in Example 13 is G = Ay, the
group of all even permutations on the set {1, 2, 3, 4}.
Here’s how we can go about constructing its character
table.

Suppose we’ve found that there are 4 conjugacy
classes, {1}, one class consisting of the three permutations
with cycle structure (xx)(xx) and two classes of size 4
containing between them the 8 cycles of length 3.

Now G has a normal subgroup H of order 4,
consisting of the first two conjugacy classes and G/H is
of order 3. So G/H must be a cyclic group of order 3.

Let C be a generator. G/H has character table:

class 1 C C?
size 1 1 1
i1 1]1
v|llo|o
wlllo’] o

order 1 3 3

Now we induce up to G. Classes I's, I'; for G correspond
to 1in G/H. Class I's in G correspondsto Cin G/Hand I',
in G corresponds to C2. So inducing up from the three
irreducible characters of G/H to G we get three of the four
irreducible characters of G:
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in G/H 1 C C?

class Ty I I's Ta
size 1 3 4 4
w1111
v|ll|1l]o|e?
v|1l|1l|e| o
Y4

order 1 2 3 3

The degree of y4is 3 (12 + 12+ 12 + 32 = 12). We can find
the remaining values of vy, by orthogonality of the
columns. So x4 is (3, -1, 0, 0).

§ 8.4. Direct Products

Let G = H x K be the direct product of H, K.
Let the conjugacy classes of Hand K be I';, I, ..., I'hand
Qu, O, ..., O respectively. Then the conjugacy classes
of G are {I'i x Qj}.

If the character tables for H, K are y = (y;;) and
Q = (€;) then the character table for G x H is:

(XIIQ XlnD
anQ Xnn

354



Example 6: The character table for A4 is

class (xx)(xx) (xxx) (xxx)
size 1 3 4 4
vl 1l 1 1 1
12 |1 1 o %
13 |1 1 ®? o
xa | 3 -1 0 0
order 1 2 3 3
and for Sz it is
class I (xxx)  (xx)
size 1 2 3
%1 1 1 1
Y2 1 1 -1
A3 2 -1 0
order 1 3 2

If M is the character table for A, then the character table

for Ay x Sz is:
Asx | Agx (xxx) Aszx (xx)
xl - X4 M M M
A5 - X8 M M -M
xo - x12 | 2M —M 0

When written out in full it’s rather large so I’ve had to

split it horizontally.
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To save space I’ve used abbreviated notation for
cycle structures. So, for example, 3 x 22 represents the
conjugacy class (xxx) x (xx)(xx), where (xxx) comes
from Sz and (xx)(xx) comes from A4. Writing it out in
full, and using ‘[ and ‘]’ for the ordered pairs to avoid
confusion, 3x22 represents the conjugacy class:

1[(12), (12)(34)], [(12), (13)(24)], [(12), (13)(24)],
1[(13), (12)(34)], [(13), (13)(24)], [(13), (13)(24)],
{0(23), (12)(34)], [(23). (13)(24)], [(23), (13)(24)]}

of size 6. Notice that there are two conjugacy classes
labelled 3 x 3 because there are two conjugacy classes in
A, that contain the 3-cycles.

class Ixl 1x22 1Ix3 Ix3 3xl 3x22 3x3 3x3
size 1 3 4 4 2 6 8 8
xi] 1 1 1 1 1 1 1 1
2| 1 1 o | 0|1 1 o | o
x| 1 1 |o®| ]| 1 1 o | o
w| 3] 1]0]o|s] 1|00
xs| 1 1 1 1 1 1 1 1
] 1 1 | o | o]l 1 o | o
x| 1 1 o | o 1 1 o | o
wl3 10031 0] o0
wl2 | 2 |2 ]2 1]-1]4
viol 2 | 2 |20 |20°] -1 | -1 | —0 | —0°
yul 2] 2 20|20 -1 | -1 |-0®| -0
2| 6 -2 0 0| -3 1 0 0
order 1 2 3 3 3 6 3 3
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Now for the last 4 columns in the table.
class 2xl 2x22 2x3 2x3
size 3 9 12 12

wl 1] 1 [ 1]1
vl 1 1 o | o
vl 1 1 | 0| o
vl 3 | -1 0 0

ol 1] -1 | -1 ] 1
ol 1] -1 | —0 |-©
wvl-1] -1 |-0*| -
xs | =3
x0] 0
ywo] O
yiu] O

0

2

{12
order

§ 8.5. Abelian Groups

In a later chapter I’ll show that finite abelian groups
are direct sums of cyclic groups and so the above
technique can be used to construct their character tables.

Example 7: Find the character table of C, x C; x Ca.
Solution: The character table of C, x C, is

wvifl]1]1]1
wvll]-1]1]-1
w311 |-1]-1
xa|ll]-1]-1]1
order 1 2 2 2



and the character table for Cs is:

wvi|l]1]1
|l o | o
wlllo?| o
order 1 3 3
The character table of C, x C, is therefore:
wvifl]1]1]1
x2[1]-1]1]-1
X3 1 1 —1 —1
vall|-1|-1]1
order 1 2 2 2

Hence the character table for C, x C, x Cs is as follows.
(Again, I’ve had to split the table vertically.)

w11 [1]J1]1]1]1
weli a1 a1 ] 1]
A ETEI R EE
MAEIEE R ET =
xvs|1] 1 1 llo| o | 0o | ©
xve|ll| -1 1 |1]|o|-0o| o | -0
|11 |1 |1]lo| o |-0|-o
xell| -1 1|1 ]o|-0o|-0]| o
wll] 1] 1 1 ]1] o] | o
%10 1| -1 1 -111 —())2 032 —0)2
vyl 1| -1]-1]1] 0 | —0?| -w?
xz|1] 1] 1] 1]1]-0|-0| o
order 1 2 2 2 3 6 6 6



w11 1] 1] 1
vl 1 [ -1]1 -1
w1 1] -1] a
wal 1| -1 ] -1 1
vl 0 | 0 | o w?
xo | @ | —0?| 0® | -0
v | @ | 0 | -0 -0’
| o | —0? | -w?| o’
wlo?l o | o o)

x|l @ | —o | o o)
il o | o |~0 | -o
yi2| 0 | —o | —o o)

order 3 6 6 6

§ 8.6. Dihedral Groups

In  the previous
chapter we found the
character table for C,, V4
and Ss. These are the first
few dihedral groups, with
D2§C2, D4EV4EC2XC2
and Dg = Ss.

Here is Ds.

Example 8: Ds = (A, B| A% B2 BAB=A")

The conjugacy classes are: {1}, {A%}, {A, A%}, {B, A’B},
{AB, A*B}. H =(A? is anormal subgroup of order 2 and
G/H = Cz &) Cz.
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class 1 A A? B AB
size 1 2 1 2 2
vi| 1 1 1 1
| 1 1 1 -1 -1
vl 1 [ -1] 1 1 -1
va|l 1 -1 1 -1 1
vs| 2 0 -2 0 0
order 1 4 2 2 2
NOTES:

1 is the trivial character.
v2, %3 and 4 can be induced from G/(A?).
s can be obtained by orthogonality

The general dihedral group is:
Do =(A,B|A", B% BlAB =AY,
If n is odd the class equation is:
2n=1+2+2+.+2+n
and there are ¥2(n + 3) irreducible characters:
2 linear and Y2(n — 1) of degree 2.
If n is even the class equation is:
2n=1+1+2+2+.+2+%n+%n
and there are ¥2(n + 6) irreducible characters:
4 linear and ¥2(n — 2) of degree 2.

§ 8.7. Symmetric Groups

In the previous chapter we found the character table for
Ss. Here is S4. Unlike the larger symmetric groups S, has
some convenient normal subgroups.
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Example 9: S4 The trivial character and the permutation
character are:

class I (xx)(xx) (xxx) (xx) (xxxx)

size 1 3 8 6 6
vi|1 1 1 1 1
|4 0 1 2 0

Since (ITTT) = 2 = 12 + 12, TT must be the sum of two
irreducible characters.
Since (I|y1) = 1, IT must be 1 plus another irreducible
character. So IT — y; is an irreducible character. Thus we
can complete the character table for S,.

class | (xx)(xx) (xxx) (xx) (xxxx)

size 1 3 8 6 6
v |1 1 1 1 1
XZ 1 1 1 —1 —1
Y3 | 2 2 -1 0 0
xa | 3 -1 0 -1 1
s [3] -1 0 1 -1
order 1 2 3 2 4
NOTES:

a1 IS the trivial character.

¥2 can be induced from G/A,.

3 can be obtained by orthogonality.
X4 = A2X-

xs = I =71
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§ 8.8. Inducing Up from Subgroups

Inducing up from a quotient group is of no use if
we want to find the character table of a simple group —
one with no proper, non-trivial normal subgroup. But
simple groups have plenty of subgroups, and it’s possible
to induce up from them. The big difference between the
subgroup and quotient group situation is that when we
induce up from an irreducible character of a subgroup we
rarely get an irreducible character. Extra work is needed
to split them into irreducible characters.

Theorem 5: If H < G and y is a character of H and g lies
in the conjugacy class I' (of G) then the value of the

h
ol IraH| 20

X
HE i eaHp
Proof: We omit the proof of this theorem. ©

induced character on g is

We can remember this theorem by saying that:
Inducing up from H on the class I":
the index of H x the proportion of I" in H x the
average character for these.

or more simply:

index x proportion x average
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Example 10: In addition to S; being isomorphic to a
guotient group of Sy it is also a subgroup. In fact there are
four subgroups of S, that are isomorphic to Ss:

Hh={g € S4|g(n)=n}forn=1, 2, 3, 4.
Let’s take Hy4 as our Sz so that we can use the usual
notation for Ss.

The conjugacy classes of Szare Q; = {1}, Q, ={(12), (13),
(23)} and Q3 = {(123), (132)}.

The character table, over C, of Sz is:

class Q1 Q> Qs
size 1 3 2

%1 1 |1 |1
%2 1 |-1]1
X3 2 0 |-1

The conjugacy classes of S, are

Fl = {l},

[y = (xx)

={(12), (13), (14), (23), (24), (34)},
I'3 = (xxx)

={(123), (132), (124), (142), (134), (143), (234),
(243)},
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'y = (xxxx)

={(1234), (1243), (1324), (1242), (1423), (1432)} and
['s = (xx)(xx)

={(12)(34), (13)(24), (14)(23)}.

The index of Sz in Sy is 24/6 = 4.
The proportions of I'y, 'y, '3, I's, I's that lie in S; are:
1, %, Y4, 0, O respectively.
We now induce the irreducible characters y1, %2, %3 0f S3
to give the characters 0,, 0, 63 of Sy,
For example, 635 on Q3 gives the value 4 x ¥ x —1.
These three characters of S, are as follows.

class Q1 Q Q3 QU Qs
size 1 6 8 6 3

01 4 2 1 0 0
0. 4 | -2 1 0 0
03 8 0 -1 0 0

None of these induced characters are irreducible. We can
see this by computing inner products.

421+226+128 16+24+8 .
(01]01) = o4 = >4 = 2. This is the
sum of squares of the multiplicities of irreducible
characters when 0 is expressed as a sum of irreducibles.
Hence 0, is the sum of two irreducible characters.
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The inner product of 6, and the trivial character of

. 41+26+1.8 .. )
S4is 4 =1, so the trivial character of S, is

one of the two irreducibles referred to above. This entitles
us to subtract the trivial character from 6., giving another
irreducible character for S,.

class Q1 Q Q3 Q Qs

size 1 6 8 6 3
trivial 1 1 1 1 1
3 1 0] -1| -1

821+128 64+8 .
(03]03) = 54 ="o1 ~ 3. Hence 03 is the sum of

three irreducible characters.
The inner product of 65 and the trivial character of
. 81+(-1).8 . )
S4 1S % = 0, so the trivial character of S; is not
one of these three irreducible characters. We are therefore
not entitled to subtract the trivial character from 0;.
The inner product of 6; and the irreducible

) .. 831
character we obtained earlier is o4 T 1, so we are
permitted to subtract, giving:
class Q1 Q Q3 Qi Qs

size 1 6 8 6 3
5 -1 | -1 1 1
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This is not irreducible, but is the sum of two
irreducible characters, neither of which are the two we
already have. There are three irreducible characters yet to
be found, and we know the sum of two of them. However
this is as far as we can go inducing up from the subgroup
Ss.

Picking another subgroup, such as the cyclic group
generated by (1234), we could get additional information.
But we’ve already found the character table of S, using
the simpler technique of inducing up from quotient
groups.

Inducing up from a quotient group one should
know the entire character table of the quotient. Inducing
up from the trivial character of the quotient only would be
a waste of time because it will only give you the trivial
character of the whole group.

But inducing up from the trivial character of a
subgroup can be quite useful. It’s usually not irreducible,
and so one may have to subtract off characters to obtain a
useful irreducible. Often, inducing up from the trivial
characters of various subgroups will give enough
information to complete the character table of a group.

Example 12: Find the character table of Ss.

Solution: The conjugacy classes correspond to the cycle
structures: I, (xx), (xxx), (xxxx), (xxxxx), (xx)(xx) and
(xxx)(xx). We can abbreviate these by just writing down
the sizes of the cycles. Of course the identity has to be
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special and we simply denote {1} by I itself. So I’ll denote
the conjugacy classes as follows: 1, 2, 3, 4, 5, 2.2 and 3.2
respectively.

The only useful normal subgroup of Ss is As and
inducing up from Ss/As only gives 2 of the 7 irreducible
characters of Ss.

I 2 3 4 5 22 32
1 10 20 30 24 15 20
vill]1]1]1]1]1)1
x2(1]-1[1]-1[1]1]-1

We need to induce up from subgroups. And we need to
use large subgroups so that the index is small. As might
sound useful in that it gives a degree 2 character. But it
will only give you the sum of the two linear characters
that we already have.

A subgroup would be S;. By this | mean the
subgroup that permutes 1, 2, 3 and 4 and fixes 5. Another
large subgroup that has small index is S; x Sy, by which |
mean the subgroup consisting of permutations that
permute 1, 2 and 3 and, independently, 4 and 5. An
example of a permutation in the S; x S, subgroup would
be (132)(45).

Inducing up from the trivial character of S, the
index is 5 and the average value of the trivial character is
1. (In most cases the average is simply the value. The only
time we have to do an actual average is where a conjugacy
class in G splits into two or more inside the subgroup and
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where the values of the character differ. Clearly this will
never happen if we are inducing up from the trivial
character.) So each value will be 5 times the proportion
of the conjugacy class that lies in S,.

I: The proportion is clearly 1.

(xx): There are 6 of these in S, so the proportion is 1%.

(xxx): There are 8 of these in S, so the proportion is %.

(xxxx): There are 6 of these in S, so the proportion is 3—60 :

(xxxxx): None of these are in S4 so the proportion is 0.
(xx)(xx): There are 3 of these in S, and so the proportion
IS 15 -

(xxx)(xx): None of these are in Sy, so the proportion is 0.

Multiplying each of these by the index 5 we get the
character:

| 2 3 4 5 22 32
1 10 20 30 24 15 20
0./5(3/2]1]0|1]0

(01/61) = 2 so 6; must be the sum of two irreducible
characters. (01]y1) = 1 so 01 = y1 plus another irreducible
character. Subtracting y: this gives us an irreducible
character of degree 4.
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2 3 4 5 22 32
10 20 30 24 15 20

|
1
vol1]1 (1711111
1
4

wll-1]1]-1]1]1]x
wlal21]0o]-1] 0]

Now we induce up from the trivial character of Sz x Sp.
The index is 10. Again we only need to work out the
proportions.

I: The proportion is clearly 1.

(xx): There are 4 of these and so the proportion is 1% :

(xxx): There are 2 of these and so the proportion is 2—20 :

(xxxx): There are 0 of these and so the proportion is 0.
(xxxxx): There are 0 of these and so the proportion is 0.

(xx)(xx): There are 3 of these and so the proportion is 1% :

(xxx)(xx): There are 2 of these, so the proportion is

2
20

Multiplying each of these by 10 we get the character:
I 2 3 4 5 22 32

1 10 20 30 24 15 20

01104 1|00 2|1

(02]62) = 3 s0 6, is the sum of two irreducible characters.
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(02]x1) =1 s0 61 = 1 plus the sum of two other irreducible
character.

(02]x3) =1 s0 61 = %3 plus the sum of two other irreducible
character.

Hence y4 = 02 — x1 — 3 IS irreducible character of degree
5.

And of course ysy2 and y4x2 will give two further
irreducible characters ys and ye. There is only one
irreducible character to go, and this can be found by
orthogonality.

Hence the character table for Ss is
|l 2 3 4 5 22 32

size 1 10 20 30 24 15 20
vll/1]1]1]1]1]1
vll|-1]1]-1]1|1]|-1
vsl4]2[1]0]|-1]0 |-1
va|5]1|-1]-1|0 ] 1]1
vs]4|-211]0|-1] 0|1
ve|9|-1]-1]1 0] 1]-1
x7]16/0]0]0]|1]-2|0

order 1 2 3 4 5 2 6
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EXERCISES FOR CHAPTER 8

Exercise 1:
The following is a character of Cs = (A|A3 = 1).
class 1 A A2
size 1 1 1
0(4|20°-1|20-1
order 1 3 3

(a) Find the conjugate of 6;

(b) Calculate {66);

(c) Express 6 as a sum of irreducible characters, using
the notation of Example 3.

Exercise 2:

(a) Construct the character table for Cg in two ways:
(i) as (A | A®=1) and
(ii)as (A, B|B®=C%?=1, BC = CB).

(b) Reconcile these two different-looking answers.

Exercise 3:
Construct the character table for Sz x Ds.

Exercise 4: Let ya, ..., x5 be the irreducible characters of

Ds in Example 8.
Calculate the characters: y2 + y3 + x4 and 2y4 + ys.
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Exercise 5: Examine the character table for S, in
Example 9. Find xs2 and express it as a sum of irreducible
characters.

Exercise 6: The dihedral group
Ds=(A,BJA*=B2=1,BA=A"B)
has the subgroup H = (B).
(@) Induce both irreducible characters of H up to
characters 64, 0, for Ds.
(b) Write each of 6; and 6, as a sum of irreducible
characters. (Use the notation of Example 8.)

SOLUTIONS FOR CHAPTER 8

Exercise 1:
()
class 1 A A?
sizi 1 1 1
04 |20-1|202—-1
order 1 3 3
16+ 2o - 1)(2w?-1)+ 2w?-1)2w -1
) (ol = 26+ Co=DCo* D+ G0’ 120 1)
_16+2(4 20 —20* + 1)
- 3
_16+2(4+2+1)
- 3

:@: 10.
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(c) The only possibility of expressing 10 as a sum of 3
squares (there are 3 irreducible characters) is 3% + 12 + 02,
Hence 0 is 3 times one irreducible character plus a second.
It is easily checked that 6 = y, + 3ys.

Exercise 2:
Let 6 = e?6, Then the character table is:

class 1 A A? Al At A°
vl 1 1 1 1 1 1

X2 1 0 0° 0° 0* 0°

%3 1 62 64 66 98 910

Y4 1 93 96 99 912 915

A5 1 64 68 912 616 920

A6 1 65 elO 915 620 925
order 1 6 3 2 3 6

Simplifying we get:

class 1 A A? A3 A* A°
vl 1 1 1 1 1 1

vl 1 0 02 -1 0 0°

| 1 02 0 1 02 0

A4 1 -1 1 -1 1 -1

wl 1 0’ 02 1 0 02

x| 1 0° 0 ~1 02 0
order 1 6 3 2 3 6

The character table for C; x C5 is:
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class
k!
%2
A3
Y4
A5

A6
order

1 B B? C BC B2C
1 1 1 1 1 1

1 ® ®? 1 ® o’
1 2 ® 1 ®? o
1 1 1 -1 -1 -1
1 ® ®? -1 —0) —?
1 o’ ® -1 —0? —®
1 3 3 2 6 6

(c) Writing o as 0%, —o as 0°, ®? as 0* and —»? as 0 the

above table becomes:

class

i
%2
A3
Y4
A5
A6
order

1 B B? C BC B2C
1 1 1 1 1 1
1 0° 0 1 0° 0*
1 04 0° 1 0 02
1 1 1 -1 -1 -1
1 0° 0 -1 0° 0
1 0* 0° -1 0 0°
1 3 3 2 6 6

Rearranging rows and columns this becomes the same

table as for (AJA® = 1).
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Exercise 3: The character tables for S; and Dg are
respectively:

In 1Io Iz

class 1 (xxx) (xx)

size 1 2 3

| 1 1 1

XZ 1 1 —1

sl 2| -1 0

order 1 4 2
I I 1Is I's I's
class 1 A A B AB
size 1 2 1 2 2
wvi| 1 1 1 1 1
XZ 1 1 1 —1 —1
wval 1 -1 1 1 -1
val 1 -1 1 -1 1
vs| 2 0 | -2 0 0
order 1 4 2 2 2

Let Fij =I5 x Fj.

The character table of S3 x Dg is as follows. (The table has
had to be split vertically.)
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—2

I'z | I's3

—2

1

—2

-1
1

-1
1

0

-1
-1

-1
-1

I'o | T2 | T'32 [ T'13

-1
-1

-1
-1

I'a1

1

-1

1

-1
0

-1
0

I

1

1
1

-1

-1
3

I'a
1

class
size

A1

X2

A4

A5

A7

A8

%10 1

A1 1

A12 2

A13 1

X14 1

Y15 2
order |1
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class |T'ia | T4 | T34 | Tis | T'os | Iss
size |2 |4 |6 |2 |4 |6
w1 |1 |1 J1 |1 |1
|1 |1 |-1]1 |1 |-1
vsl2 |-1]/0 |2 |-1]0
val-1|-1|-1]-1]-1]|-1
vs|-1]-1[1 |-1]-1]1
16 | =2 1 0 -2 |1 0
w1l |1 |1 |-1]-1]|-1
vell |1 |[-1]-1]-1]1
vl2 |-1]/0 |-2|1 |0
yiol-1|-1]{-1]1 |1 |1
Y11 -1]-1 1 1 1 -1
yiz|-211 |0 |2 |-1]0
v13]0 [0 |O |JO |0 |O
v12]0 [0 |0 JO |0 |O
vi5]0 [0 |0 JO |0 |O
order|2 (6 |2 |2 |6 |2
Exercise 4:

class 1 A A? B AB

size 1 2 1 2 2

X2t A3+ %4 3(-1|3|-1|-1

2ya+ys|4]|-2| 0 |-2] 2
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Exercise 5: The character table for S4, together with 752
IS:

class | (xx)(xx) (xxx) (xx) (xxxx)
size 1 3 8 6 6
wll] 1 1 |1 1
X2 1 1 1 —1 —l
vz | 2 2 -1 0 0
xa | 3 -1 0 -1 1
vs | 3 -1 0 1 -1
X52 9 1 O 1 1
order 1 2 3 2 4
) 911+113+0.18+1.16+1.1.6
sl = o =1
) 911+113+018+1.(-1)6+1.(-1).6
(s n2) = o =0
) 9.21+123+0.(-1).8+1.0.6+1.0.6
(aslxa) = o =1
) 931+1(-1).3+0.18+1.(-1).6+1.1.6
<X5 |X4> = 24 =1
) 931+1(-1).3+0.18+1.16+1.(-1).6
<X5 |X5> = 24 =1

Hence X52 =1t 3t st xs.

Exercise 6: The character table for (B) is
1 B

Xll 1
le_l
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The conjugacy classes for Dg are:

I'n| I | I I's I's

1A A A% B,AB| AB,A°B

The induced characters are:

I'n I: I} | I's
size 1 2 1 2

2
o.[411]0]0] 4%1 |0
0. [411]0]0 410

That is:
I'n Io I's T4 I

size 1 2 1

0:/14|0|0

014100

411+21.2
Oy =g =1

411+ 2.(-1).2
O1lyx2) = 8 (1) =0 etc.

So (Bily;» is given in the following table:

X1 | X2 | X3 | X4 | X5
0:/1(0(1 (0|1
/01011

Hence 6, = X1t A3+ A5 and 6, = X2+ xa T+ A5,
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